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Introduction

Lattice QCD has become an essential tool in hadronic physics

• Only way to solve, rather than model, QCD

• Confluence of advances

◦ Lattice field theory

Lattice chiral symmetry

Improved actions

Cluster algorithms

◦ Computer technology

$ 1 / Mflop

10 Teraflop machines

• Crucial to understand physics of major experimental initiatives

◦ Fundamental parameters of Standard Model –
weak matrix elements

◦ QDC thermodynamics – RHIC and beyond

◦ Hadron structure and interactions – focus of this workshop
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Motivation

• Understand structure and interactions of hadrons from QCD

• Profound differences between hadrons and
other many-body systems

Atoms, molecules, solids, nuclei, . . .

◦ Constituents can be removed

◦ Exchanged boson generating interaction may be
subsumed into static potential

photons → Coulomb potential

mesons → N-N potential

◦ Most of mass from fermion constituents

Nucleons

◦ Quarks are confined

◦ Gluons are essential degrees of freedom

Carry half of momentum

Nonpeturbative topological excitations

◦ Most of mass generated by interactions
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Nonperturbative QCD

QED QCD

e

γ

e q g q

• Fundamental differences relative to QED

Self-interacting – highly nonlinear

Interaction increases at large distance – confinement

Strong coupling αs � αem

Rich topological structure

• Solution of QCD

Present analytical techniques inadequate

Numerical evaluation of path integral on space-time lattice
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Goals

• Use lattice field theory to solve QCD with controlled errors

◦ Quantitative calculation of properties of nucleon

Mass

Form factors

Light cone distribution of quark and spin densities

◦ Understand origin of proton spin

◦ Calculate exotics from first principles

• Use lattice field theory for insight into how QCD works

◦ Identify paths that dominate action

◦ Understand mechanism of confinement and

chiral symmetry breaking

◦ Calculate overlap with trial wave function∣∣〈ψtrial | ψexact〉
∣∣2

◦ Explore dependence on

mq , Nf , Nc
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Lattice QCD
Euclidean:

ei
∫

dt d3xL → e−
∫

dτ d3xH

〈
T e−βHψψψ · · · ψ̄ψ̄ψ̄

〉
=

1
Z

∫
D[ψ]D[ψ̄]D[A]e−

∫
d4x[ψ̄( �∂+m+ig �A)ψ+ 1

4 F 2
µν ]ψψψ · · · ψ̄ψ̄ψ̄

→
∏
n

1
Z

∫
dψn dψ̄n dUne

−
∑
n

[ψ̄M(U)ψ+S(U)]
ψψψ · · · ψ̄ψ̄ψ̄

=
∏
n

∫
dUn

1
Z

det M(U)e−S(U)

︸ ︷︷ ︸
Sample with M.C.

∑
M−1(U)M−1(U) · · ·M−1(U)

→ 1
N

N∑
i=1

Ui∈
det M(U)

Z
e−S(U)

M−1(Ui)M−1(Ui)M−1(Ui)

S(U) =
∑
��

2N

g2
(1 − N−1ReTrU��) → 1

4F 2
µν

ψ̄M(U)ψ =
∑

n

[
ψ̄nψn + κ(ψ̄n(1 − γµ)Un,µψn+µ + ψ̄n+µ(1 + γµ)U†

n,µψn

]

6 Santorini – QCD 10-01-01



































Moments of quark and gluon distributions

Moments of quark distributions in the proton

〈xn〉q =
∫ 1

0

dx xn
(
q(x) + (−1)n+1q̄(x)

)

〈xn〉∆q =
∫ 1

0

dx xn
(
∆q(x) + (−1)n∆q̄(x)

)

〈xn〉δq =
∫ 1

0

dx xn
(
δq(x) + (−1)n+1δq̄(x)

)

where q = q↑ + q↓ ∆q = q↑ − q↓ δq = q� + q⊥

are related to matrix elements of twist-2 operators

〈
PS

∣∣ψ̄γ{µ1iDµ2 · · · iDµn}ψ
∣∣PS

〉
= 2〈xn−1〉q P {µ1 · · ·Pµn}

〈
PS

∣∣ψ̄γ{µ1γ5iD
µ2 · · · iDµn}ψ

∣∣PS
〉

= 2〈xn−1〉∆q MS{µ1Pµ2 · · ·Pµn}

〈
PS

∣∣ψ̄σ[α{µ1]γ5iD
µ2 · · · iDµn}ψ

∣∣PS
〉

= 2〈xn−1〉δq MS[αP {µ1]Pµ2 · · ·Pµn}

where { } ⇒ symmetrization and [ ] ⇒ antisymmetrization

16 Santorini – QCD 10-01-01



Hadron Matrix Elements on Lattice

• Calculate plateau: measure 〈O〉, for mq, a, L

• Connected diagrams

p = 0

p 	= 0

• Disconnected diagrams

• Extrapolate

mq : mπ → 140 MeV

a →∼ 0.05 fm

L →∼ 5.0 fm

• Note: For 〈O〉u − 〈O〉d, disconnected diagrams cancel
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Chiral Extrapolation of proton matrix elements

• Long-standing puzzle: Linear extrapolation in mq

yields serious discrepancies

〈x〉u − 〈x〉d ∼ 0.24 − 0.28 (0.16)

gA = 〈1〉∆u − 〈1〉∆d ∼ 1.0 − 1.1 (1.26)

• Resolution: Chiral extrapolation hep-lat/0103006

Pion cloud is essential

〈xn〉u − 〈xn〉d ∼ an

[
1 − (3gA

2 + 1)m2
π

(4πfπ)2
ln

( m2
π

m2
π + µ2

)]
+ bnm2

π
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The Role of Multi-Teraflops Computers

Extrapolate to continuum, infinite volume, and chiral limits:

• L → ∞
• 1

g2 → 0

• mq : m2
π → 0.02 GeV2

5% measurement at m2
π =0.05 GeV2 and lattice spacing a = 0.1 fm:

NOPS ∼ 0.38
[L

4

]4.55[0.8
a

]7.25[ 0.3
mπ/mρ

]2.7

∼ 8 Tflops-years
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Cost-Optimized Custom Machines

for Lattice QCD

• Highly parallel custom machines much cheaper than
general purpose supercomputers

regular grid structure

local communications

overlapping computation and communications

• Dual approach

optimization of commodity clusters

fully custom parallel machine

year98 03

1.0MF/$

0.1MF/$

• Robust strategy to pursue both
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