Introduction to the

Soft - Collinear Effective Theory

Lecture 2

— i

Iain Stewart

MIT

Heavy Quark Physics
Dubna International Summer School

August, 2008



Lets first recall a few things
from Lecture 1



SCET for energetic jets

usoft & collinear modes
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Outline for Lecture 2

® Wilson lines and the heavy-light current

® (auge Invariance, Reparmaterization Invariance

e Hard-Collinear and Ultrasoft-Collinear Factorization

e SCET Loops, IR divergences, zero-bin
® RGE and Sudakov double logarithms

® B — X,v factorization theorem
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We can build LO operators with any number of A_ fields.

Should we be concerned?



Currents eg. ul'b  involves both collinear and usoft objects
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Currents eg. ul'b  involves both collinear and usoft objects

now add any number of gluons

awlb w=p & WTh, get a Wilson line
®/ S (RPmTAm)... (P T A1)
I = 9 pe;ms n-q1]n-(q1+q2)] - [7- 2210 g4
b P ~ \Y no cost to

/ add these gluons

: : = (—9)* ( N - Apg - N Ang, )
momentum space Wilson line W = ;p;ns I N o eI B =

position space Wilson line W(y,—o0) = Pexp (ig fi/oo ds ﬁ‘An(Sﬁu))



Exercise
SCET Operators with Collinear Quarks and Wilson Lines

a) Start with the QCD Lagrangian for a massive quark and decompose D in terms of n,
n, and L components. As in lecture, write v = &, + (; where 17, = 0 and 71(; = 0 and
determine which products of fields are non-zero. Keeping all the non-zero terms, integrate
out the field (; to generate an effective action for the massive collinear quark &,,.

[With power counting m ~ p; ~ QX < @ this is the starting point to derive the action for a
massive collinear quark, ie. prior to decomposing the gluon field into collinear and ultrasoft
pieces and prior to distinguishing between large and small momenta. The remaining steps
are the same as those discussed in lecture except that you keep the mass. The mass terms
that you have derived are important for considering how a collinear Lagrangian of light
quarks u, d, s explicitly breaks chiral symmetry. They are also relevant for discussing an
energetic jet initiated by a massive quark, when the jet energy @ > m.|

To get more familiar with Wilson lines lets consider the current for a b — u transition. In
QCD J = ul'b. For SCET we did a matching calculation to find the leading order current
JO = ¢, WTh,, (2)

where W included terms involving the order \Y collinear gluon field nn - A,,. In lecture we
explicitly computed the term in W with one n - A,, field and wrote down the result for any
number of n - A, fields. Do the matching computation for two n - A, fields (by expanding
QCD diagrams with offshell propagators). Verify that the result for one and two - A,, fields
agree with the momentum space Feynman rules derived from the position space Wilson line

0
W(y") = Pexp (zg/ ds n-A,(sn + y+)> :

where P is path-ordering.



Interaction of modes: Offshell versus Onshell

Which fields can interact in a local way?

collinear collinear collinear collinear usoft collinear
>—eo > — >—o
usoft § collinear % collinear 3
these three are all in SCETj
usoft b offshell
> g >
collinear %

this generated the Wilson line W in the SCET}
computation we just discussed

SCETII : pgapg ~ \?

This makes interactions in SCETH
soft offshell
> g\ >
s 2 (s t+p)*=pops ~ A
collinear 3 p,

more complicated to construct, so we

postponed further discussion to after
fully developing SCET



Our analysis of the Lagrangian and Current was tree level.

To determine what eftfect loops can have we will
use Symmetries:

(Gauge symmetry

Lorentz invariance (?)

(plus of course Power Counting)
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Gauge symmetry U(x) = exp [iad(2)74] need to consider U

which leave us in the EFT

collinear i0*U.(z) ~ phlU.(x) < AL,
USOft 10" Uys (37) ~ PhsUus (37) — Aj
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&n Ue &n Uus En
g Al U g Al US + U [iD*, U] Uws gAR Uds
W U W Uus W Ul
qus C_Ius U’LLS Qus
QAZS gAgs UusgAgs UQ]JL,S + Uys [7;8“7 Uft];s]
Y Y Uus Y
Connects: iD= PF 4 gALH iDl, = 0" + gAl,

in-Dy, =n-P+gn-A,
-0+ gn-A,, + gn-Ays

p =

in the table: iD* = %ﬁ-P + Pl + %(m@ + gn-Ays)
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Gauge symmetry U(x) = exp [iad(2)74] need to consider U

which leave us in the EFT
collinear  i0"Uec(x) ~ phUd.(x) — AL
llSOft 10" Uys (37) ~ PhsUus (37) — Aj
Object Collinear U, Usoft U,

En U &n Uus &n

g Al U g Al US + U [iD*, U] Uws gAR Uds
% U W Us W Ul
Qus Qus U’LLS Qus

gAlfljS QAZLS U’U,S,gAlfljS Uft];s + Uys [Z’@,u’ Uft];s]
Y Y U,. Y

our current (énW)Fhv — (fnz/{;fz/{CW)Fhv — (énW)FhU

1S Invariant: ) i



Reparameterization Invariance (RPI) At < <) "yt

TV, 7Tl break Lorentz invariance, restored within collinear cone by
reparameterization transformations that preserve power
counting. Three types:

n* -
() (IT) simultaneous
_, o H rescaling
. < > nt  (longitudinal boost)
(I) _PL = _,LL 2! (II) _:u _:U’ | (III) _N ( ) _,u
n, — Ny, T T 1 =i n, — (1—a)n,
L L 0 0
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_ 1 i}
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» LY =¢€,9n - iDys + gn A”JFZZDLiﬁ-DCZlDL 25”
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Factorization from SCET



Wilson Coefhicients and Hard - Collinear Factorization

(_l_v ) J—) PoA
hard: pt ~ (1,/1\1) 03 \
collinear: pt ~ (AZL 1))
can exchange momenta 0N T
p2— A2
| » i >»
Constrained by gauge invariance: o ox P+

C(P, i): they depend on large momenta picked out by P = n-P ~ A

eg. C(=P,u) (,W)Th, = (§,W)Th, C(PT, u)

~ only the product
1S gauge Invariant

implies convolutions between coefhicients and operators
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Write

(&, W)Th, C(P',p) = /dw C(w, u) [(ﬁ_nW)5(w - PT)I’hU} — /dw C(w, u)O(w, w)

= (gnﬂ;;w A, /

hard-collinear

In general: factorization follows
from properties of
f(in-D,) = WfP)W! SCET operators
— /dw flw) [Wé(w—P)WT]
7 N in collinear

: 2 2
hard coefficient p? ~ Q operator p* ~ Q2\?

We can trade n-A for the Wilson line Wn-A |
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I f

iP5

Properties of LY = &{n iDys +gn - Ap + i) ——

1) has particles and antiparticles, pair creation & annihilation
g 0(np) i 0(-np) i n-p _ i nep

2 np+ 2 tie 2pptZ_je 2mphoptpltie  2p’oie

i n-(p+q) all components of
2 (p+q)* + ie p & q appear

/) n-p

2 n-pn-k+ p? +ie
i1

2 n-k 4 1€

onshell p? =0
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Ultrasoft - Collinear Factorization

) 1 i
- e O —¢ {n.i A 4D e VI
Multipole Expansion: LO = & {n - iDug+ gn - A, + i — Dczﬁj_} 5
usoft gluons have eikonal Feynman R - B
rules and induce eikonal propagators T n-ktie e —nktie

e o= . (e =i .
1 1
% Yo —n-k—ie gn n-k—iue

Field Redefinition:
0
Sn — an ’ An = YAnYJf Y(x) = Pexp (zg/ dsn-Aus(a:—l—ns))
n-D..Y=0.YY=1 \ choice of 00
) uss o - here is irrelevant
glVCSZ if one is careful
O — ¢ 2 i - L 1\
v o= Epan - iDys + ... §§n—>§n ) C+Z%—iﬁ-Dzm 2§n

Moves all usoft gluons to operators, simplifies cancellations
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Field Theory gives the same results pre- and post- field
redefinition, but the organization is different

Ultrasoft - Collinear Factorization:

egl. J=(&W)uThy — (&YTYWYT),Thy = (£, W) (Y h,)

note: not upset by hard-collinear momentum fraction
since ultrasoft gluons carry no hard momenta

so usoft-collinear factorization is also

simply a property of SCET

eg2. No ultrasoft fields
— (gnW)wlr(WTfn)wz — (gnW)mYTYP(WTgn)wz — (gnW)wlr(WTSn)wz

color transparency
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Loops in SCET and QCD



Study: IR divergences, UV divergences, and Matching

Consider heavy to light current

QCD JQCD =510 [' =" hasUVec.t. n-p=my
) . b 0 IR regulator
a (800, ST SO 5 )
§ 2\ S g S2) p® # 0 for s-quark
b_ £ 4s £39°% _£3b

1/err for b-quark

2

s — - 1
Sume= % |:1Il2 ( p2 ) | §ln (—%) | - 21n ('U—Q) + Constants}
2 my
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SCET, JSCET = (&, W), T

usoft gluon graphs

n-p = my
Feyn. Gauge

same IR regulators

k
é—
§660007;, B d*k 1
éé @o\\ C(’ﬂp)/ A 71.2 1 - : 5 /- :
S L (2m)4 (k2+1i0)(v-k—+1i0)(n-k + p? /n-p+10)
> Xy----—L->—--
e _ asCp |1 2. rpn-p 2 (UMD
= —C(7-p) (W Tty) = LZ + Eln(_p ) +21In (_p2 ) +]
N2 asCp( 2 2 _
—>= (ké % - e 4 (EUV GIR) Cr = 4/3
Q0QQQg,
§’® U, xn?=0
—_— D — — 3 — — ﬁ —
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SCET||  jscer — (&, w),1 o G

Co”inear g]uon graphs same IR regulators

?/ d* 21 ( )
- n-(q+p
- gﬁ% P Cmn) 2 / (n-q+10)((¢ + p)*+1i0)(¢* +10)

T q70, g#—p
qa+p
¢=(a.q), (¢+p)* =70 (¢+p)n (g-+p) — (T +PL)"

Q

d4qr / d*q  1is okay with -
:> /\
“zero-bin” q#ozq;é p/ our regulator oM

(more on this later)

B d*q 21-(q + p)
SO graph X C(n'p)/@ﬂ)zl (7-q+10)((q + p)2+10)(q%+10)

graph = ~C(np) (aaPun) 508 | 22 2 (L) ot (L) o (L) 4

A € € €
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S _ - —
o ewrn ST

more collinear gluon graphs same R regulators




Compare QCD and SCET

QCD 2 §6W% 2 é@@% . ©) é@@% b
2 2 2
S = 3 N
Sume= _ O {an (—%) 4+ —111( ]92 ) | 2 1n ( ,uz) | Constants}
37 my my my

c)
T e <
- CORE X)L Ly

same IR divergences

sum= 52 @ () + 3 (o) + 50

b
5 7 3 2
— In ( 259N 21n? (i> — —1In (’U—Q) + constants
2€Uv EUV my 2 my,

62

remaining terms in SCET &
QCD give one-loop matching

for C'(n-p = my, 1)

UV renormalization in SCET
sums double Sudakov logs
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[t [
q7#0,9#—p (2ﬂ)4 (2ﬁ)4

\ These restrictions ensure that the collinear graph does not
double count the IR momentum region taken care of by the

usoft graph

General (regulator independent) formula is:

. / dpir F') (p1) = / dp [F(%)(m) — Fs(g{;:qa)(pl)}

p17#0 . .
zero-bin subtraction
A | term
pl :
O P N
b I a) PTa SCET]
A d------ R —— I
: %
I QXO-- ° cn ‘?»O,
w qa ! o qc
| Ap---=---=------1-
|
0 | > 0N % U o o5
. Ay P ;




For our example using dim.reg. in UV

> #£0 in IR

> [ok ety s double counts
(72-q+i0+ + 0)2440H) (g2 30+ avoids double counting
q7#0, g#—p ! )@ +p) ) ) the usoft region

2

_/ d [ 271 - (g + p) B 2 - p ]

) @2m)d | (A q+i0T)[(q + p)2+i0t](¢2+i0t) (- q+i0T)[n-qn-p+p2+i0t](g2+i0t)
0 2 2 12 e 2 2 1 subtraction

=; —W[——ln()—ln (—)+< — )ln<_—)—|-...

€EIREUV €IR —p2 €IR €UV n-p

- (G ala G mGE)Y

® singularity from n-q — 0 cancels between the two terms

® UV collinear singularity comes from 7::q — 0O (in subtraction term)

® standard calc. tool of taking er = eyy with no subtraction
gives the same answer

27



eg. of another regulator
Cutofts: Q4 < g7 < A7 02 < (¢g7)* < AZ

no constraint on ¢° , p onshell
e = 8%2 [ng( ng ) +1n (g; >ln (Qg_z‘;j_)] + ...
SCET 1 = gaia() + (3) (57|
o™ = 8;2[ m(ii)m(%)] - 8%[_1”(%)1“(2_>1 = 8;2[ '”(ij)'”(ﬁ—)l e

o s = () () () e () e ()]

QCD

IR matches again
but ONLY with the non-zero subtraction term included
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Renormalization in SCET
&
Summing Sudakov Logs



Renormalize Heavy to Light Current in SCET

Cw, ) [(£nW)w Thy | chae = C+(Z,—1)C W = My
graph sum = —g—; [1n2 (_m—lg) - gln (_m—zg) + é
_% _ 2;\/ — 63\/ In (mib) — 21n? (mib) — gln (%) -+ constants]

C 1 5) % :
(1)Cr ( + — 4+ Z1In ﬁ) to remove UV divergences

g
need Z.=1-
d e 2 € w

Compute the Anomalous Dimension
d

— O = = p—0 = Ye(w, 1) C(w,
L e (w, 1) = Ye(w, p)C(w, p)
u%a (1) = —2eas(p) + Blo]
—_ d d o (/L)CF 1 5! 2
= 7 ' n—27, = ’ = 4+ =
Ve c 'ud,u c 'ud,u Ar ( + -+ -In

L
Z O ¢ ;)
:as(u)CF(ZZ_5_4lng+/§) :_Ozs(u)CF(lng+§)

w (s

LL” = part of NLL
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LL solution cusp anomalous dimension

/
d oWl < _Po o
Solve u@hl Clw,p) =——"——In~ Mg & F — Qs
21 dog : : :
use dln(p) = — o and integrate to obtain the solution
0 &
- —4AnC 1 | 2CFr Inz/Bo
O(w. 1) = Clw, po) exp S -1+mz)| (2
7 | Biews (po) 1MW
boundary f 5 = Qg (:u)
condition, ~ exp(agIn® +a2In® + . ..) X g (MO)
no large logs
for po ~ w

If B — 0 and ay = constant, then

—aC
C(w,u)ZC(w,uo)eXp[ . F(21 2:()“11%1 /:f)]

Sudakov double logs exponentiated
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Exercise

SCET Loops for Two-Jet Production

Consider the two-jet production process through a virtual photon in SCET, namely ete™ —
JnJn Xys where J, is a jet in the n = (1,0,0, —1) direction, J; is a jet in the n = (1,0,0, 1)
direction, and any remaining particles in the final state are ultrasoft, contained in X,;.

a) Write down two collinear quark Lagrangians, one for &, fields and one for &; fields.
Interactions between these two types of collinear fields are hard, and so do not effect your
analysis. What are the Feynman rules for the ultrasoft gluon coupling to each of these
collinear quarks?

b) Start with JCP = 4,1 and determine the appropriate LO SCET current J5FT =
£, - &, ie. fill in the dots with appropriate collinear Wilson lines and Dirac structure.

¢) Draw the five one-loop Feynman diagrams that are non-zero for e e~ — ¢, (use Feyn-
man gauge for all gluons when determining which graphs are zero). Here ¢, has n-collinear
momentum p, and ¢ has n-collinear momentum p and you should work in the CM frame.
All graphs but one can be directly read off using the loop computations done in lecture (or
given in the handout notes), as long as you use the same IR regulator. That is, you should
keep both collinear quarks offshell, p? # 0 and p* # 0. Compute the divergent terms in the
one remaining ultrasoft graph using dimensional regularization in the UV.

d) Add up the 1/€ terms from the graphs in ¢) and determine the lowest order anomalous
dimension equation for C' the Wilson coefficient of J°“FT. Solve this equation keeping only
the Inpu/Q term and using a fixed coupling «a,, and then with a running coupling a,(u).

(Voila, Sudakov double logs resummed.)
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Lets use our LO heavy-to-light current
7O = [dw (o) [(EW)5w = PHEY, 1) = [dw o) o T

to derive a factorization theorem for the jet-like region of

B — X
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Endpoint B — X o~ = Jf Pelleos

u i

s
Optical Thm: T ~ Im [d*z e~*¢*(B|T{J}(z)J*(0)}|B) T Y
RCI /C] P)%- :mB(mB—ZE,y)
2 5 < standard OPE ~ m3
P, endpoint region ~mpAgcp
/p; resonance region ~ A2
QCD
For EndPoint:  E, > 2.2GeV, X, collinear, A=/ heen
We want to prove that the
Decay rate is given by factorized form
1 dr A
= H(my, i) / dk™ J(kT+my—2E,, 1)
P() dEfy QEW_mb
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Match:  sT,b — e'mev=P)=C(P)E, , WPy

TH = / d'z i vz =) <B|TJ§H(x)Jeff(O)‘B>

Factor usoft: ¢, WrT,h, — £, WT,

U

1 = )| [ dtaelmd s

label conservation
P — my

« <O‘T ngn](w)[gnW](0)|o> x [T, ® ¥

d*a my 3 —q—k)-

XJP M@FM
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Convolution  Jp(k)

= Jp(k™)

_ 2 4 d'k i(mp 2 —q—k)x
In17Zf—-‘Cﬂﬁan jﬂj:pb/}2ﬂ04(2( b5 —q—k)

XIme(k_'_)

= |[C(m)|
XIme(k+)
)

= [C(my)|” /dk+

as desired

Jo

i(mp—2E,—kT)ax™ /2

Ime (k+)
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