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As a reference for this material see my lecture notes 
( http://web.mit.edu/8.851/www/scet_2006.pdf  ).

Disclaimer:

There are no references in this talk, and it is not a guide to the 
literature. My goal is to make you familiar with the formalism and 
techniques that are commonly used, and to go through a few 
choice examples in detail.
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Outline

Introduction to SCET1 , SCET11 

degrees of freedomcollinear & soft

Quick review of HQET 
•

Construction of SCET

Wilson lines and the heavy-light current

Review of Effective Field Theory Concepts

momentum scales and momentum regions •

separating momenta & gauge fields•
propagators, field power counting•

•

•

•

•

•

• leading order collinear Lagrangian
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EFT  Concepts
1)  The ingredients in any EFT:   Relevant degrees of freedom, 

2)  Renormalization: Meaning of parameters

3)  Decoupling:  Effects from heavy particles and offshell particles 
                           are suppressed

4)  Matching:  How we can encode dynamics of one theory into another

5)  Running:  Connecting physics at different momentum scales using
                       renormalization group techniques  

symmetries,  scales & power counting
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Top

Bottom

theory1

theory2

theory1 ?

theory2

Theory 1 is understood, but it is useful to 
  have the simpler theory 2  at low energies.

Integrate out heavier particles in 1 
    and match onto 2

Equations for Taiwan School

Iain W. Stewart1

1Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139

meα ! (proton size)−1 ∼ ΛQCD ∼ 200 MeV

meα ! mp ∼ 1 GeV

meα ! me mp, µp

L(p, e−, γ, b; α, mb) = L(p, e−, γ; α′) + O

( p2

m2
b

)

(1)

LNRQED = L0 +
∞
∑

n=1

εn Ln (2)

L0 = ψ†
(

i∂0 −
∇2

2me
+ . . .

)

ψ + Ψ†i∂0Ψ + “V”(ψ†ψ)(Ψ†Ψ) (3)

Why LQED = ψ̄(iD/ − m)ψ − 1
4FµνFµν ?

Why LSM ?

SU(3) × SU(2) × U(1) L

S[φ] =

∫

ddx
(1

2
∂µφ∂µφ −

1

2
m2φ2 −

λ

4!
φ4 −

τ

6!
φ6

)

(4)

L = Ldim-4 +
1

Λnew

[

LT i
L CεijH

jH"ε"kLk
L

]

+ Ldim-6 + . . . (5)

C = iγ2γ0

(

νL

eL

)

(6)

L = L0 +
∞
∑

n=1

εn Ln (7)

Ltheory1 →
∑

n

L
(n)
theory2 (8)

Theory 1 & theory 2 agree in the IR, differ in UV
eg. Heavy Quark Effective Theory;

Soft Collinear Effective Theory

Theory 1 is unknown or matching is too 
   difficult to carry out analytically

Equations for Taiwan School

Iain W. Stewart1

1Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139
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∑

n

L
(n)
theory2 (9)Construct                      by writing down most 

general set of interactions consistent with symmetries

eg.  Standard Model;  Chiral Perturbation theory for low energy 
                                       pion and Kaon interactions

weak ;Remove t,W,Z:  H
NRQED;
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Wilsonian  vs.  Continuum EFT

3

II. RENORMALIZATION

Linearity:
∫

ddp [af(p) + bf(p)] = a
∫

ddp f(p) + b
∫

ddp g(p)

Scaling:
∫

ddp f(sp) = s−d
∫

ddp f(p)

Translation:
∫

ddp f(p + q) =
∫

ddp f(p)

=
∫

dp pd−1 dΩd

∫

ddp(p2)α =

0 for α < 4 and α > 4

i

16π2

( 1

εUV
−

1

εIR

)

(27)

= 0 for α = 4

d = 4 − 2ε

g(0) = Zg µε g(µ)

µ m " M , a ∼ 1

L = ψ̄(i/∂ − m)ψ −
a

M2
(ψ̄ψ)2 + . . . (28)

δm ∼
i a

M2

∫

d4k

(2π)4
/k + m

k2 − m2
=

i a

M2

∫

d4k

(2π)4
m

k2 − m2
(29)

δmcutoff ∼
a

M2
Λ2 + . . . (30)

δmdim.reg. ∼
a

M2
m2 (31)

µ ≈ m

βQED = e3

12π2

βQED = 0

Λ
hard modes

soft modes

Wilson E
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Λ2 + . . . (30)

δmdim.reg. ∼
a

M2
m2 (31)

µ ≈ m

βQED = e3

12π2

βQED = 0

Λ

e−SΛ−δΛ =

∫

δΛ
dφ e−SΛ (32)

effective action 
for soft modes
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Continuum
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I
I
.

R
E
N

O
R

M
A

L
I
Z
A

T
I
O

N

L
in

ea
ri

ty
:

∫

dd
p

[a
f
(p

)
+

bf
(p

)]
=

a
∫

dd
p

f
(p

)
+

b
∫

dd
p

g(
p)

S
ca

li
n
g:

∫

dd
p

f
(s

p)
=

s−
d
∫

dd
p

f
(p

)

T
ra

n
sl

at
io

n
:

∫

dd
p

f
(p

+
q)

=
∫

dd
p

f
(p

)

=
∫

dp
pd

−
1

dΩ
d

∫

dd
p(

p2
)α

=

0
fo

r
α

<
4

an
d

α
>

4

i

16
π

2

(

1

ε U
V
−

1 ε I
R

)

(2
7)

=
0

fo
r

α
=

4

d
=

4
−

2ε

g(
0
)
=

Z
g

µ
ε
g(

µ
)

µ
m

"
M

,
a
∼

1

L
=

ψ̄
(i

/∂
−

m
)ψ

−
a M

2
(ψ̄

ψ
)2

+
..

.
(2

8)

δm
∼

i
a

M
2

∫

d4
k

(2
π
)4

/k
+

m

k
2
−

m
2

=
i
a

M
2

∫

d4
k

(2
π
)4

m

k
2
−

m
2

(2
9)

δm
cu

to
ff
∼

a M
2

Λ
2

+
..

.
(3

0)

δm
d
im

.r
eg

.
∼

a M
2

m
2

(3
1)

µ
≈

m

β
Q

E
D

=
e
3

1
2
π

2

β
Q

E
D

=
0

Λ

e−
S

Λ
−

δ
Λ

=

∫

δ
Λ
dφ

e−
S

Λ
(3

2)

e−
S

Λ

Λ
−

δΛ
<

E
<

Λ
→

∞

operators for 
soft modes
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Wilson coefficients 
for hard modes C
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in matrix elements of our operators, but we fix 
             to correct for this.
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m

k2 − m2
(29)

δmcutoff ∼
a

M2
Λ2 + . . . (30)

δmdim.reg. ∼
a

M2
m2 (31)

µ ≈ m

βQED = e3

12π2

βQED = 0

Λ

C

3

II. RENORMALIZATION
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ddp f(p)
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∫

ddp f(p + q) =
∫

ddp f(p)

=
∫

dp pd−1 dΩd

∫

ddp(p2)α =

0 for α < 4 and α > 4

i

16π2

( 1

εUV
−

1

εIR

)

(27)

= 0 for α = 4

d = 4 − 2ε

g(0) = Zg µε g(µ)

µ m " M , a ∼ 1

L = ψ̄(i/∂ − m)ψ −
a

M2
(ψ̄ψ)2 + . . . (28)

δm ∼
i a

M2

∫

d4k

(2π)4
/k + m

k2 − m2
=

i a

M2

∫

d4k

(2π)4
m

k2 − m2
(29)

δmcutoff ∼
a

M2
Λ2 + . . . (30)

δmdim.reg. ∼
a

M2
m2 (31)

µ ≈ m

βQED = e3

12π2
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Λ

e−SΛ−δΛ =

∫

δΛ
dφ e−SΛ (32)

e−SΛ

Λ − δΛ < E < Λ
→ ∞ O (µ)

4

III. WEAK HAMILTONIAN

b → cūd

=
( ig2√

2

)2
VcbV

∗
ud(−i)

(

gµν −
kµkν

m2
W

) 1

k2 − m2
W

×
[

ūcγµPLub
][

ūdγνPLvu
]

(34)

k = pb − pc = pu + pd ∼ masses

= −i
4GF√

2
VcbV

∗
ud

[

ūcγµPLub
][

ūdγµPLvu
]

+ . . . (35)

GF =
√

2g2
2/(8m2

W )

HF = −LF =
4GF√

2
VcbV

∗
ud

[

c̄γµPLb
][

d̄γµPLu
]

+ . . . (36)

HF =
4GF√

2
VcbV

∗
ud

[

C1(µ)O1(µ) + C2(µ)O2(µ)
]

(37)

µ = mWis the scale where this matching is done.
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EFT  Principles
1)  Dynamics at low E does not depend on details of dynamics 
     at high E
2)  Build an EFT using the relevant d.o.f. and known symmetries.

3)  EFT has an infinite number of operators, but only a finite number
      are needed for a given precision as determined by the power
      counting.  With this precision this set closes under renormalization.

4)  EFT has same infrared but different ultraviolet than the more 
       fundamental theory.

5)  Nature of high energy theory shows up as couplings and symmetries  
       in the low energy EFT. 

L = L(0) + L(1) + L(2) + . . .

Our goal here is to apply these principles to encode hard perturbative QCD 
dynamics in Wilson coefficients & describe the collinear and soft physics
associated with hadronization and jet production in SCET operators
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mW

?

mb

ΛQCD

mc

ms

mu,d

b
B

B - decays by weak interactions:

B → Xsγ

B → Dπ

B → π"ν̄

B → ππB → ρρ

B → Kπ

B → K∗γ
B → ργ

B → Xu!ν̄

B → D∗η′
B → γ"ν̄E

E
The B is heavy, so many of its decay products 
are energetic,

Any other QCD process with large energy transfer:

7

VII. NRQCD

e+e− → positronium (NRQED)

pe− → Hydrogen (NRQED)

bb̄, cc̄ → Υ, J/Ψ (NRQCD)

tt̄ → e+e− → tt̄ (NRQCD)

NN → deuteron (few nucleon EFT)

(66)

ψ(x) =
∑

p

eip·xψp(x) (67)

i∂µψp(x) ∼ (mv2)ψp(x)

LNRQCD = Lultrasoft + Lpotential + Lsoft (68)

VIII. SCET

Process Non-Pert. functions Utility

B̄0 → D+π−, . . . ξ(w), φπ study QCD

B̄0 → D0π0, . . . S(k+
j ), φπ study QCD

B → Xendpt
s γ f(k+) new physics, measure f

B → Xendpt
u 'ν f(k+) measure |Vub|

B → π'ν, . . . φB(k+), φπ(x), ζπ(E) measure |Vub|, study QCD

B → γ'ν, γ'+'− φB measure φB, new physics

B → ππ, Kπ, . . . φB, φπ , ζπ(E) new physics, CP violation,

φK̄ , ζK(E) study QCD

B → K∗γ, ργ φB, φK , ζ⊥K∗(E) measure |Vtd/Vts|
φρ, ζ⊥ρ (E)

B → Xs'+'− f(k+) new physics

e−p → e−X fi/p(ξ), fg/p(ξ) study QCD , measure p.d.f’s

pp̄ → X'+'− fi/p(ξ), fg/p(ξ) study QCD

e−γ → e−π0 φπ measure φπ

γ∗M → M ′ φM , φM ′ study QCD

e+e− → jets study universality

e+e− → J/ΨX study QCD
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What makes SCET different from other simpler EFT’s ?

Degrees of Freedom, Power Counting and Scales, and Lagrangian

We will have multiple fields for the same particle•
ξn qscollinear quark field, soft quark field

We will integrate out offshell modes, but not entire d.o.f.•
eg.  compare the electroweak Hamiltonian where the top,W,Z are
   integrated out completely,  to HQET where high energy fluctuations 
   of the bottom quark are integrated out, but low energy ones are kept

SCET has convolutions• ∑

i

CiOi −→
∫

dω C(ω) O(ω)

eg.  DIS F1(x,Q2) =
∫

dξ

x
H

( ξ

x
, µ,Q

)
fq/p(x, µ)

9



The power counting parameter      is not the mass dimension of fields• λ

Wilson Lines• W = Pexp
(
ig

∫
ds n̄·A(n̄s)

)

• 1
ε2

divergences appear at one loop that require UV counterterms

10



SCET degrees of freedom
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Degrees of Freedom
B D!eg.

Pion has:

8

pµ
π = (2.310 GeV, 0, 0,−2.306 GeV) = Qnµ 8

pµ
π = (2.310 GeV, 0, 0,−2.306 GeV) = Qnµ Q " ΛQCD

8

pµ
π = (2.310 GeV, 0, 0,−2.306 GeV) = Qnµ Q " ΛQCD nµ = (1, 0, 0,−1)

Light - Cone coordinates:

8

pµ
π = (2.310 GeV, 0, 0,−2.306 GeV) = Qnµ Q " ΛQCD nµ = (1, 0, 0,−1) n2 = 0

Basis vectors nµ, n̄µ with n2 = 0, n̄2 = 0, n·n̄ = 2

pµ =
nµ

2
n̄ · p +

n̄µ

2
n · p + pµ

⊥

gµν =
nµn̄ν

2
+

n̄µnν

2
+ gµν

⊥ (69)

8

pµ
π = (2.310 GeV, 0, 0,−2.306 GeV) = Qnµ Q " ΛQCD nµ = (1, 0, 0,−1) n2 = 0

Basis vectors nµ, n̄µ with n2 = 0, n̄2 = 0, n·n̄ = 2

pµ =
nµ

2
n̄ · p +

n̄µ

2
n · p + pµ

⊥

gµν =
nµn̄ν

2
+

n̄µnν

2
+ gµν

⊥ (69)

8

pµ
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2
n · p + pµ

⊥

gµν =
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n̄µnν

2
+ gµν

⊥ (69)

p+ ≡ n · p, p− ≡ n̄ · p

8
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2
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8

pµ
π = (2.310 GeV, 0, 0,−2.306 GeV) = Qnµ Q " ΛQCD nµ = (1, 0, 0,−1) n2 = 0

Basis vectors nµ, n̄µ with n2 = 0, n̄2 = 0, n·n̄ = 2

pµ =
nµ

2
n̄ · p +

n̄µ

2
n · p + pµ

⊥

gµν =
nµn̄ν

2
+

n̄µnν

2
+ gµν

⊥ (69)

p+ ≡ n · p, p− ≡ n̄ · p

eg. n̄µ = (1, 0, 0, 1)
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n
µ

!

Collinear constituents:
pµ

c = (p+, p−, p⊥) ∼
(Λ2

Q
,Q,Λ

)
∼ Q(λ2, 1,λ)

SCETII
Energetic hadrons λ =

Λ
Q

modes pµ = (+,−,⊥) p2 fields
collinear Q(λ2, 1,λ) Q2λ2 ξn, Aµ

n

soft Q(λ,λ,λ) Q2λ2 qs, Aµ
s

usoft Q(λ2,λ2,λ2) Q2λ4 qus, Aµ
us

B
Soft Constituents

pµ
s = (p+, p−, p⊥) ∼ (Λ,Λ,Λ) D and

∼ Q(λ, λ, λ)

Just a boost of the soft 
  constituents, but necessary
  to describe      and       in the
  same frame. 

π B

13



It is useful to have a picture to help remember what
  momentum regions these degrees of freedom occupy

modes pµ = (+,−,⊥) p2 fields
collinear Q(λ2, 1,λ) Q2λ2 ξn, Aµ

n

soft Q(λ,λ,λ) Q2λ2 qs, Aµ
s

usoft Q(λ2,λ2,λ2) Q2λ4 qus, Aµ
us

so the hyperbola’s are lines 
of constant invariant mass

compare to
usual EFT

p2

Here

p2 = p+p− − !p 2
⊥

p2 = p+p−

SCETII

p+

c hard

!2

2

p-

Q

!Q
0

!Q !Q
0

s
!Q

!Q

p2 = "
2
QCD

n
perturbative

p2 =Q2

Energetic hadrons

14



n
µ

X

B → Xsγeg.

8
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n · p + pµ

⊥

gµν =
nµn̄ν

2
+

n̄µnν

2
+ gµν

⊥ (69)

p+ ≡ n · p, p− ≡ n̄ · p

eg. n̄µ = (1, 0, 0, 1)

(p+, p−, p⊥) ∼ (Λ, Λ, Λ)

m2
X ∼ m2

B OPE in 1/mb (not SCET)

m2
X ∼ Λ2 not inclusive

8
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B
γ

8

pµ
π = (2.310 GeV, 0, 0,−2.306 GeV) = Qnµ Q " ΛQCD nµ = (1, 0, 0,−1) n2 = 0

Basis vectors nµ, n̄µ with n2 = 0, n̄2 = 0, n·n̄ = 2

pµ =
nµ

2
n̄ · p +

n̄µ

2
n · p + pµ

⊥

gµν =
nµn̄ν

2
+

n̄µnν

2
+ gµν

⊥ (69)

p+ ≡ n · p, p− ≡ n̄ · p

eg. n̄µ = (1, 0, 0, 1)

(p+, p−, p⊥) ∼ (Λ, Λ, Λ)

m2
X ∼ m2

B OPE in 1/mb (not SCET)

m2
X ∼ Λ2 not inclusive

m2
X ∼ ΛQ

Jet constituents: pµ ∼ (Λ, Q,
√

QΛ) ∼ Q(λ2, 1, λ)

Λ2 ! QΛ! Q2

modes pµ = (+,−,⊥) p2 fields
collinear Q(λ2, 1,λ) Q2λ2 ξn, Aµ

n

soft Q(λ,λ,λ) Q2λ2 qs, Aµ
s

usoft Q(λ2,λ2,λ2) Q2λ4 qus, Aµ
us

SCETI usoft pµ ∼ Λ
collinear p2

c ∼ QΛ, λ =
√

Λ/Q
Energetic jets

m2
X ∼ m2

b not a jet
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modes pµ = (+,−,⊥) p2 fields
collinear Q(λ2, 1,λ) Q2λ2 ξn, Aµ

n

soft Q(λ,λ,λ) Q2λ2 qs, Aµ
s

usoft Q(λ2,λ2,λ2) Q2λ4 qus, Aµ
us

SCETI Energetic jets

The collinear modes in the jet 
have larger offshellness than 
those in an energetic hadron 

The mode picture now becomes

p+

c hard

!2

2

p-

Q

!Q
0

!Q !Q
0

us

n

p2 =Q2

p2 = "
2

p2 = Q"
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eg.

modes pµ = (+,−,⊥) p2 fields
collinear Q(λ2, 1,λ) Q2λ2 ξn, Aµ

n

soft Q(λ,λ,λ) Q2λ2 qs, Aµ
s

usoft Q(λ2,λ2,λ2) Q2λ4 qus, Aµ
us

SCETI Energetic jets

e
+
e
−

→ 2 jets

m
2

X ∼ ∆
2

Λ
2
! ∆

2
! Q2

Jet constituents : pµ
∼

(∆2

Q
, Q,∆

)

∼ Q(λ2, 1, λ)

λ ∼

∆

Q

n-

n̄-collinear Q(1, λ2, λ) Q2λ2 ξn̄, Aµ

n̄

!!

usoft particles

n-collinear 
       jet

n-collinear 
       jet

λ ∼ δ
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modes pµ = (+,−,⊥) p2 fields
collinear Q(λ2, 1,λ) Q2λ2 ξn, Aµ

n

soft Q(λ,λ,λ) Q2λ2 qs, Aµ
s

usoft Q(λ2,λ2,λ2) Q2λ4 qus, Aµ
us

n-

n̄-collinear Q(1, λ2, λ) Q2λ2 ξn̄, Aµ

n̄

SCETI Energetic jets

Two jets and usoft radiation

Comments:
1) multiple modes for IR
2) integrate out modes 

above a hyperbola

3) frame dependence

p+

c
h
ard

!2

2

p-

Q

!Q
0

cn

!Q !Q
0

us

n
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Review Construction of HQET
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b

B-meson

mb ! ΛQCD

A low energy EFT for heavy particles that are not removed from 
the theory (static sources that perturbations can cause to wiggle)

Want to describe fluctuations of heavy quark 
Q, due to lighter degrees of freedom.
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α

2
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m
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,0
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(1
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0
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·∂
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v
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2
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† v
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v
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µ
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v σ
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2
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(1
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(1

8)

σ
∝

|A
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τ

2 i
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]
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4 γ
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1 2
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Direct Derivation
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=
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)

(50)

2mQ

Surviving term is HQET 
Lagrangian at LO
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Comments
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2)  Heavy Quark Spin-Flavor Symmetry

• no flavor  (       )  dependence
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• no dependence on remaining two spin components

U(2 N  )Q

3)  Velocity        is preserved by low energy QCD interactions
“velocity superselection rule”
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4)  Power Counting in               is now simple!
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Qv(x) ∼ e−ik·x (51)

i∂µQv(x) ∼ ΛQCDQv(x) (52)
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all powers of               appear in prefactors      
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∞
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Lets now construct SCET I
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n-Collinear Propagators
p2

+ iε = n̄·p n·p − "p 2

⊥ + iε

∼ λ
0

λ
2 (λ)2∗ −

same 
size

Collinear Fermions i /p

p2 + iε
=

i /n

2

n̄·p

p2 + iε
+ . . .

=
i /n

2

1

n·p −

!p 2

⊥

n̄·p
+ iε sign(n̄·p)

+ . . .

λ
−2

thus we expect

}

λ
−4

}

so ξn ∼ λ

∫
d4x eip·x 〈0|T ξn(x)ξ̄n(0)|0〉 =

i /n

2

n̄·p

p2 + iε

power counting
for the field
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Spin Projection

(1)ψ =
(n/n̄/

4
+

n̄/n/

4

)
ψ

ψ = ξn + χn̄

big small

n/n̄/

4
ξn = ξn

n̄/n/

4
χn̄ = χn̄ n̄/χn̄ = 0,

n/ξn = 0,

To check this look at spinors un =
n/n̄/

4
uQCD

∑

s

us
nūs

n =
n/n̄/

4

∑

s

usūs n̄/n/

4

=
n/n̄/

4
p/

n̄/n/

4

=
n/

2
n̄ · p agrees with numerator of propagator

i
n/

2
n̄ · p

p2 + iε
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 SCET Lagrangian

8

pµ
π = (2.310 GeV, 0, 0,−2.306 GeV) = Qnµ Q " ΛQCD nµ = (1, 0, 0,−1) n2 = 0

Basis vectors nµ, n̄µ with n2 = 0, n̄2 = 0, n·n̄ = 2

pµ =
nµ

2
n̄ · p +

n̄µ

2
n · p + pµ

⊥

gµν =
nµn̄ν

2
+

n̄µnν

2
+ gµν

⊥ (69)

p+ ≡ n · p, p− ≡ n̄ · p

eg. n̄µ = (1, 0, 0, 1)

(p+, p−, p⊥) ∼ (Λ, Λ, Λ)

m2
X ∼ m2

B OPE in 1/mb (not SCET)

m2
X ∼ Λ2 not inclusive

m2
X ∼ ΛQ

Jet constituents: pµ ∼ (Λ, Q,
√

QΛ) ∼ Q(λ2, 1, λ)

λ ∼
√

Λ/Q

Usually m1 " Λ and
∑n

i=1 Ci(µ, m1) Oi(µ, Λ)

In SCET constituent p− ∼ mb ∼ Eπ p2 = p+p− + p2
⊥ p2 ∼ m2

1 p2 ∼ m2
2 p2 ∼ Q2 p2

c ∼ Λ2 p2
soft ∼ Λ2

∫

dω C(ω) O(ω)

ū Γ b
LQCD = ψ̄ iD/ ψ Write ψ = ξn + ξn̄

8
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ξn (72)
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in̄ · D
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ξn (72)

L = ξ̄n

(

in̄ · D + iD/⊥
1

in̄ · D
iD/⊥

) n̄/

2
ξn (73)

•

χn̄ source for

• separate collinear and usoft gauge fields

L = ξ̄n

(

in·D + i /D⊥

1

in̄·D
i /D⊥

) /̄n

2
ξn

Still need to:
• separate collinear and usoft momenta (derivatives)
• expand

we will not consider a
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Collinear Gluons - same propagator as QCD
∫

d4x eip·x 〈0|TAµ
n(x)Aν

n(0)|0〉 =
−i

p2

(

gµν − α
pµpν

p2

)covariant
gauges components

scale 
differently

(A+
n , A−

n , A⊥
n ) ∼ (λ2, 1, λ) ∼ pµsolution

Usoft Gluon Aµ
us ∼ (λ2,λ2,λ2) ∼ pµ

us

Gauge Fields for SCETI

write Aµ = Aµ
n + Aµ

us + . . .

like a classical background 
  field to ξn, Aµ

n

p2
us ∼ λ4 " p2

c ∼ λ2

dots are terms that matter 
for power corrections that we 
can ignore (fixed by gauge inv.)
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Separate Momenta (multipole expansion)Separate Momenta

label residual

HQET P µ = mbvµ + kµ hv(x) (Georgi)

SCET P µ = pµ + kµ ξn,p(x)

(1, λ)

Collinear Quarks

# ψ(x)→
∑

p e−ip·xξn,p(x)

# n/ ξn,p = 0

# ∂µ ξn,p ∼ (Qλ2) ξn,p

p

k

 Q

Q 
 

Q 

   !
2

 !

• But labels are changed

by SCET interactions p p!

q

Iain Stewart – p.8
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Separate Momenta

Introduce Label Operator

Pµ(
φ†

q1 · · ·φp1 · · ·
)

= (pµ
1 +. . .−qµ

1 −. . .)
(
φ†

q1 · · ·φp1 · · ·
)

• Can pull phases to front of operators

i∂µe−ip·x φp(x) = e−ip·x(Pµ + i∂µ)φp(x)

Iain Stewart – p.9

Separate Momenta

Introduce Label Operator
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φ†
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= (pµ
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)

• Can pull phases to front of operators
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derivative
for labels

usual
derivative

p != 0

λ
2
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• Labels are changed by collinear interactions

Separate Momenta

label residual

HQET + (Georgi)

SCET +

Collinear Quarks

p

k

 Q

Q! 
2

Q! 

But labels are changed

by SCET interactions p p!

q

Iain Stewart – p.23

• Labels are preserved by ultrasoft interactions

p p

collinear

ultrasoft

(p̃, k)
= i

n/
2

n̄·p
n·k n̄·p + p2

⊥+iε

µ , A

= ig TA nµ
n̄/
2

p p!

µ , A

= ig TA

[

nµ +
γ⊥µ p/⊥
n̄·p +

p ′/⊥γ⊥µ
n̄·p ′ − p ′/⊥p/⊥

n̄·p n̄·p ′ n̄µ

]
n̄/
2

p p!

µ , A " , B

q = ig2 T A T B

n̄·(p−q)

[
γ⊥

µ γ⊥
ν − γ⊥

µ p/⊥
n̄·p n̄ν − p ′/⊥γ⊥

ν

n̄·p ′ n̄µ + p ′/⊥p/⊥
n̄·p n̄·p ′ n̄µn̄ν

]
n̄/
2

+ ig2 T B T A

n̄·(q+p′)

[
γ⊥

ν γ⊥
µ − γ⊥

ν p/⊥
n̄·p n̄µ −

p ′/⊥γ⊥
µ

n̄·p ′ n̄ν + p ′/⊥p/⊥
n̄·p n̄·p ′ n̄µn̄ν

]
n̄/
2

FIG. 1. Order λ0 Feynman rules: collinear quark propagator with label p̃ and residual momen-

tum k, and collinear quark interactions with one soft gluon, one collinear gluon, and two collinear
gluons respectively.

shown. Note that in the light-cone gauge n̄ ·An,q = 0 these Feynman rules are the complete

set, since interactions of a collinear quark with three or more collinear gluons vanish. In

this gauge similar Feynman rules for collinear gluons have been obtained in the framework

of light cone QCD [17]. However, the Feynman rules in Fig. 1 can be used in any gauge.

The LEET Lagrangian corresponds to the ξ̄n,p
n̄/
2 n·iD ξn,p term in Eq. (12) and is invariant

under a SU(2) symmetry [4,12] with generators S1 = (γ0Σ1)/2, S2 = (γ0Σ2)/2, and S3 =

Σ3/2 where Σi are the standard rotation generators. The collinear soft Lagrangian Lcs has

less symmetry than LEET because terms with γ1
⊥γ2

⊥ violate the transformations generated by

S1 and S2. However, Lcs is still invariant under a U(1), namely the helicity transformations

generated by S3. Since S3 = γ5(1/2 − n̄/n//4) and n/ξn,p = 0 the helicity transformation also

corresponds to the chiral transformation generated by γ5/2.

To complete the construction of the effective theory we have to include heavy quarks.

This can be done by adding the usual HQET Lagrangian for the heavy quark field hv,

LHQET = h̄v iv · D hv . (13)

The covariant derivative in Eq. (13) contains only the soft gluon field because the heavy

8

∑

p′

eip′
·xξ̄n,p′

∑

q

e−iq·xAn,q

∑

p

e−ip·xξn,p

= e−ix·P
∑

p,p′,q

ξ̄n,p′An,q ξn,p

}

this phase and sum are often suppressed for simplicity

p
′
= q + p

29



Power Counting SummaryPower Counting

Type (p+, p−, p⊥) Fields Field Scaling

collinear (λ2, 1, λ) ξn,p λ

(A+
n,p, A

−
n,p, A

⊥
n,p) (λ2, 1,λ)

soft (λ, λ, λ) qs,p λ3/2

Aµ
s,p λ

usoft (λ2, λ2, λ2) qus λ3

Aµ
us λ2

Make kinetic terms order λ0
∫

d4X ξ̄n,p′
n̄/
2

(
in·∂ + . . .

)
ξn,p

λ0 = λ−4 λ λ2 λ

• At leading power only λ0 interactions are required

• n̄ · An,q ∼ n̄ · qi ∼ λ0 operators are f(n̄·An,q, n̄·qi)

Iain Stewart – p.10

Power counting of fields and derivatives gives a power counting for operators

Power counting of operators yields a power counting for any Feynman graph

The power counting can be associated entirely to vertices and 
   is then gauge invariant

30



LO SCET Lagrangian

• expand

L(0)
c = ξ̄n

{
n · iDus + gn · An + i /Dc

⊥
1

in̄ · Dc
i /Dc
⊥

} /̄n

2
ξn

both λ2

iDc

⊥ = P⊥ + gA⊥
n
∼ λ " i∂⊥, gA⊥

us
∼ λ2

L = ξ̄n

(

in·D + i /D⊥

1

in̄·D
i /D⊥

) /̄n

2
ξn

, the leading order quark Lagrangian
{

λ× λ0 × λ = λ2

L(0)
c ∼ λ4

∫
d4x L(0)

c ∼ λ0

For gluons repeating this type of analysis gives:

L(0)
cg = L(0)

cg (Aµ
n, n·Aus)
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(A+
n , A−

n , A⊥
n ) ∼ (λ2, 1, λ) ∼ pµ

32



Currents eg. ū Γ b involves both collinear and usoft objects

8
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+ gµν

⊥ (69)

p+ ≡ n · p, p− ≡ n̄ · p

eg. n̄µ = (1, 0, 0, 1)

(p+, p−, p⊥) ∼ (Λ, Λ, Λ)

m2
X ∼ m2

B OPE in 1/mb (not SCET)

m2
X ∼ Λ2 not inclusive

m2
X ∼ ΛQ

Jet constituents: pµ ∼ (Λ, Q,
√

QΛ) ∼ Q(λ2, 1, λ)

λ ∼
√

Λ/Q

Usually m1 " Λ and
∑n

i=1 Ci(µ, m1) Oi(µ, Λ)

In SCET constituent p− ∼ mb ∼ Eπ p2 = p+p− + p2
⊥ p2 ∼ m2

1 p2 ∼ m2
2 p2 ∼ Q2 p2

c ∼ Λ2 p2
soft ∼ Λ2

∫

dω C(ω) O(ω)

ū Γ b

QCD SCET

ξ̄n Γ hv

no 
gluons

one 
gluon q

k

offshell
k2 −m2

b = n·v mbn̄· q + . . .

kµ = mbv
µ +

nµ

2
n̄· q + . . .

graph = ūnΓ
i(k/ + mb)
k2 −m2

b

igTAγµuv =
−g

n·v mb n̄·q ūnΓ
[
mb(1 + v/) +

n/

2
n̄·q

](n/

2
n̄µ

)
TAuv

=
−gn̄µ

n̄·q ūnΓTA

{ n/
2 (1− v/) + n·v + 0

n·v

}
uv =

−gn̄µ

n̄·q ūnΓTAuv

ξ̄n
(−gn̄·An)

n̄·q Γhv
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Currents

ξ̄nW Γ hv

8

pµ
π = (2.310 GeV, 0, 0,−2.306 GeV) = Qnµ Q " ΛQCD nµ = (1, 0, 0,−1) n2 = 0

Basis vectors nµ, n̄µ with n2 = 0, n̄2 = 0, n·n̄ = 2

pµ =
nµ

2
n̄ · p +

n̄µ

2
n · p + pµ

⊥

gµν =
nµn̄ν

2
+

n̄µnν

2
+ gµν

⊥ (69)

p+ ≡ n · p, p− ≡ n̄ · p

eg. n̄µ = (1, 0, 0, 1)

(p+, p−, p⊥) ∼ (Λ, Λ, Λ)

m2
X ∼ m2

B OPE in 1/mb (not SCET)

m2
X ∼ Λ2 not inclusive

m2
X ∼ ΛQ

Jet constituents: pµ ∼ (Λ, Q,
√

QΛ) ∼ Q(λ2, 1, λ)

λ ∼
√

Λ/Q

Usually m1 " Λ and
∑n

i=1 Ci(µ, m1) Oi(µ, Λ)

In SCET constituent p− ∼ mb ∼ Eπ p2 = p+p− + p2
⊥ p2 ∼ m2

1 p2 ∼ m2
2 p2 ∼ Q2 p2

c ∼ Λ2 p2
soft ∼ Λ2

∫

dω C(ω) O(ω)

ū Γ b

b

u

q1

qm

pb

p

qm

q2

q1

= iC(µ, n̄ · P )Γ gm
∑

perms
(n̄µmTAm)···(n̄µ1TA1)

[n̄·q1][n̄·(q1+q2)]···[n̄·
∑m

i=1 qi]

FIG. 4. Order λ0 Feynman rule for the effective theory heavy to light current with m collinear
gluons. The sum is over permutations of {1, . . . ,m} and the Wilson coefficient depends only on

the sum of momenta in the jet, P = p +
∑m

i=1 qi.

For a non-abelian gauge group a similar gauge invariance argument applies, however the

matching in Fig. 3 is more complicated. Eq. (24) remains valid, but with a more complicated

definition of the jet field. In momentum space we find

χn,P =
∑

k

∑

perms

(−g)k

k!

(
n̄ · An̄,q1

· · · n̄ · An̄,qk

[n̄ · q1][n̄ · (q1 + q2)] · · · [n̄ ·
∑k

i=1 qi]

)

ξn,p , (25)

where the permutation sum is over the indices (1, 2, . . . , k). The Feynman rules which follow

from Eqs. (24) and (25) are shown in Fig. 4. In position space the jet field takes the form

of a path-ordered exponential

χn(0) = P exp
(
−ig

∫ 0

−∞
ds n̄ · Ac(sn̄µ)

)
ξn(0) , (26)

where P denotes path ordering along the light-like line collinear to n̄.4

In the effective theory both heavy and light quarks are described by two component

spinors, so there are only four heavy to light currents at leading order in λ. We choose the

linearly independent set [χ̄n,P hv], [χ̄n,P γ5 hv], and [χ̄n,P γµ
⊥hv], where γµ

⊥=γµ−nµn̄//2−n̄µn//2

has only two non-zero terms. The matching of the heavy to light currents q̄Γb onto operators

in the effective theory is

q̄b → C1(µ) [χ̄n,P hv] , (27)

q̄γ5b → C2(µ) [χ̄n,P γ5hv] ,

q̄γµb → C3(µ) [χ̄n,P γ⊥
µ hv] +

{
C4(µ) nµ + C5(µ) vµ

}
[χ̄n,P hv] ,

q̄γµγ5b → C6(µ) iε⊥µν [χ̄n,P γν
⊥hv] −

{
C7(µ) nµ + C8(µ) vµ

}
[χ̄n,P γ5hv] ,

4Path-ordered exponentials are also introduced to sum up the couplings of soft gluons to a
collinear jet, see Ref. [19].

12

=

momentum space Wilson line
∑

k

∑

perms

(−g)k

k!

(

n̄ · An̄,q1
· · · n̄ · An̄,qk

[n̄ · q1][n̄ · (q1 + q2)] · · · [n̄ ·

∑k
i=1 qi]

)

W =

position space Wilson line W (y,−∞) = P exp
(

ig
∫ y

−∞
ds n̄·An(sn̄µ)

)

        no cost to 
add these gluons
∼ λ0

add any number of gluons

get a Wilson line

eg. ū Γ b involves both collinear and usoft objects
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1
Lectures on the Soft-Collinear Effective Theory

Iain Stewart, Benasque Summer School 2008

Problem 1) Practice with Operators in HQET

In this problem you will derive the HQET Lagrangian to O(1/mQ).

a) In lecture we made a change of variables to write the QCD Lagrangian as

LQCD = h̄v(iv · D)hv − H̄v(iv · D + 2mQ)Hv + Q̄v(i /DT )Hv + H̄v(i /DT )hv . (1)

We identified the first term as the leading order HQET Lagrangian. To obtain the terms
at O(1/mQ) at tree level we can integrate out the antiparticle field Hv by deriving its
equation of motion from Eq. (1). Derive the equation of motion for Hv, and use it to find
an operator expression relating Hv to hv, and to derive a tree level expression for LQCD

that is entirely in terms of hv.

b) Expand your result to O(1/mQ) and identify a term involving the kinetic operator
h̄v(iDT )2hv, and a term involving the chromomagnetic operator h̄vσµνGµνhv where Gµν

is the gluon field strength. What symmetries of the leading HQET Lagrangian do these
two terms violate? Consider Feynman diagrams that contain both the hv and Hv fields of
Eq. (1) and explain diagrammatically what you have done when you integrated out Hv in
the above manner.

Problem 2) SCET Operators with Collinear Quarks and Wilson Lines

a) Start with the QCD Lagrangian for a massive quark and decompose D/ in terms of n,
n̄, and ⊥ components. As in lecture, write ψ = ξn + ζn̄ where n/ξn = 0 and n̄/ζn̄ = 0 and
determine which products of fields are non-zero. Keeping all the non-zero terms, integrate
out the field ζn̄ to generate an effective action for the massive collinear quark ξn.

[With power counting m ∼ p⊥ ∼ Qλ $ Q this is the starting point to derive the action for a
massive collinear quark, ie. prior to decomposing the gluon field into collinear and ultrasoft
pieces and prior to distinguishing between large and small momenta. The remaining steps
are the same as those discussed in lecture except that you keep the mass. The mass terms
that you have derived are important for considering how a collinear Lagrangian of light
quarks u, d, s explicitly breaks chiral symmetry. They are also relevant for discussing an
energetic jet initiated by a massive quark, when the jet energy Q % m.]

b) To get more familiar with Wilson lines lets consider the current for a b → u transition. In
QCD J = ūΓb. For SCET we did a matching calculation to find the leading order current

J (0) = ξ̄nWΓhv , (2)

where W included terms involving the order λ0 collinear gluon field n̄ · An. In lecture we
explicitly computed the term in W with one n̄ · An field and wrote down the result for any
number of n̄ · An fields. Do the matching computation for two n̄ · An fields (by expanding
QCD diagrams with offshell propagators). Verify that the result for one and two n̄ ·An fields
agree with the momentum space Feynman rules derived from the position space Wilson line

W (y+) = P exp
(

ig
∫ 0

−∞

ds n̄·An(sn̄ + y+)
)

,

where P is path-ordering.

Exercise
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Interaction of modes:  Offshell versus Onshell
Which fields can interact in a local way?

collinear

usoft

collinear collinear

collinear

collinear

usoft b

collinear

offshell

usoft

collinear

collinear

soft 

collinear

offshell

these three are all in SCETI

this generated a Wilson line

SCETII This makes interactions in SCET II
more complicated to construct, so we 
postponed further discussion to after 
fully developing SCET I
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Next:

Gauge symmetry,  Lorentz invariance (?)

  That was tree level.

Rather than extending the matching to loops it is simpler to take a
  bottom up approach and USE SYMMETRIES of SCET
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Gauge symmetry 9

U(x) = exp
[

iαA(x)T A
]

need to consider U’s 
which leave us in the EFT

collinear
usoft

9

i∂µUc(x) ∼ pµ
cUc(x) ↔ Aµ

n,q (74)

Object Collinear Uc Usoft Uus

ξn Uc ξn Uus ξn

gA
µ
n Uc gA

µ
n U†

c + Uc
[

iDµ,U†
c
]

Uus gA
µ
n U

†
us

W Uc W Uus W U †
us

qus qus Uus qus

gAµ
us gAµ

us UusgAµ
usU

†
us + Uus[i∂µ, U †

us]

Y Y Uus Y

TABLE I: Gauge transformations for the collinear and usoft fields from Ref. [4], where iDµ ≡
nµ

2 P̄ + Pµ
⊥ + n̄µ

2 i n·Dus. The collinear fields and transformations are understood to have momen-
tum labels and involve convolutions, but for simplicity these indices are suppressed. The usoft
transformations do not change the momentum labels of collinear fields.

Objects Collinear Uc Soft Us

ξn Uc ξn ξn

gAµ
n Uc gAµ

n U†
c + Uc

[

i∂µ
c U†

c
]

gAµ
n

W Uc W W

qs qs Us qs

gAµ
s gAµ

s Us gAµ
s U †

s + Us[i∂
µ
s , U †

s ]

S S Us S

TABLE II: Gauge transformations for collinear and soft fields in SCETII from Ref. [4]. Momentum
labels are suppressed, and ∂µ

c and ∂µ
s are defined to only pick out collinear and soft momenta

respectively. Here i∂µ
c "= iDµ since usoft fields are not included in SCETII.

• Power counting: Restricts the type of fields and derivatives allowed in the operator

• Gauge invariance: Requires operators to be built out of gauge invariant building
blocks.

• Reparameterization invariance: Corresponds to the restoration of Lorentz invariance
order by order in λ.

• Locality: The theory SCETI is only non-local in O(Q) momenta. Only inverse powers
of the large label momentum are allowed and collinear Wilson lines have to be built
out of O(1) gluons.

Note that SCETI is constructed in a local manner, but after doing this it is useful to consider
a field redefinition ξn → Y ξn which introduces non-locality at the usoft scale. The locality
restriction does not apply to SCETII . Integrating out p2 ∼ QΛ modes immediately results
in operators involving the soft Wilson line S [4], and it contains inverse powers of 1/Λ
momenta. In the following we will focus on gauge invariance and discuss subtleties which
arise in constructing invariant operators at subleading order.

The gauge transformations for the SCET fields were derived in [4] and are summarized
in Tables I and II. Here ∂µ

c Uc ∼ Q(λ2, 1, λ), ∂µ
s Us ∼ Qλ, and ∂µUus ∼ Qλ2 distinguish the

3

i∂µUus(x) ∼ pµ

usUus(x) ↔ Aµ

us

our current
is invariant:

(ξ̄nW )Γhv
→ (ξ̄nU

†
c
UcW )Γhv = (ξ̄nW )Γhv

→ (ξ̄nU†
us

UusW )U†
us

ΓUushv = (ξ̄nW )Γhv

38



Reparameterization Invariance (RPI)

9

i∂µUc(x) ∼ pµ
cUc(x) ↔ Aµ

n,q (74)

i∂µUus(x) ∼ pµ
c Uus(x) ↔ Aµ

us (75)

n n̄, break Lorentz invariance, restored within collinear cone 
  by RPI,  three types

(b) Any choice of the reference light-cone vectors n and n̄ satisfying

n2 = 0 , n̄2 = 0 , n · n̄ = 2 , (3)

are equally good, and can not change physical predictions.

For type (b) the most general infinitesimal change in n and n̄ which preserves Eq. (3) is a
linear combination of

(I)





nµ → nµ + ∆⊥

µ

n̄µ → n̄µ

(II)





nµ → nµ

n̄µ → n̄µ + ε⊥µ
(III)





nµ → (1 + α) nµ

n̄µ → (1− α) n̄µ

, (4)

where {∆⊥
µ , ε⊥µ , α} are five infinitesimal parameters, and n̄ ·ε⊥ = n ·ε⊥ = n̄ ·∆⊥ = n ·∆⊥ = 0.

Invariance under subset (I) of these transformations has already been explored in Ref. [15],
and used to derive important constraints on the next-to-leading order collinear Lagrangian
and heavy-to-light currents. Here we explore the consequences of invariance under the full set
of reparameterization transformations and extend the analysis of class (I) transformations
to higher orders in λ. In particular we show that the transformations in classes (II) and (III)
are necessary to rule out the possibility of additional operators in the lowest order collinear
Lagrangian that are allowed by power counting and gauge invariance.

As might be expected the collinear reparameterization invariance is a manifestation of
the Lorentz symmetry that was broken by introducing the vectors n and n̄. Essentially
reparameterization invariance restores Lorentz invariance to SCET order by order in λ. The
five parameters in Eq. (4) correspond to the five generators of the Lorentz group which are
“broken” by introducing the vectors n and n̄, namely {nµMµν , n̄µMµν}. If the perpendicular
directions are 1, 2 then the five broken generators are Q±

1 = J1±K2, Q±
2 = J2±K1, and K3.

The type (I) transformations are equivalent to the combined actions of an infinitesimal boost
in the x (y) direction and a rotation around the y (x) axis, such that n̄µ is left invariant
with generators (Q−

1 , Q+
2 ). Type (II) transformations are similar but (Q+

1 , Q−
2 ) leave nµ

invariant, while transformation (III) is a boost along the 3 direction (K3).
In SCET one introduces three classes of fields: collinear, soft and ultrasoft (usoft), with

momentum scaling as Q(λ2, 1, λ), Q(λ, λ, λ) and Q(λ2, λ2, λ2), respectively. For our purposes
the interesting fields are those for collinear quarks (ξn,p), collinear gluons (An,q), and usoft
gluons (Au). At tree level the transition from QCD to collinear quark fields can be achieved
by a field redefinition [2]

ψ(x) =
∑

p

e−ip·x
[
1 +

1

n̄ · D D/⊥ n̄/

2

]
ξn,p, (5)

where the two-component collinear quark field ξn satisfies [1]

n/n̄/

4
ξn = ξn , n/ ξn = 0 . (6)

The covariant derivatives are further decomposed into two parts, Dµ = Dµ
c + Dµ

u , where Dµ
c

and Dµ
u involve collinear and usoft momenta and gauge fields respectively. To distinguish

3

n
µ

n
µ

n
µ

n̄
µ

n̄
µ

n̄
µ

longitudinal 
boost

L(0)
c = ξ̄n

{
n · iDus + gn · An + i /Dc

⊥
1

in̄ · Dc
i /Dc
⊥

} /̄n

2
ξn

unique

∆
⊥
µ ∼ λ ε

⊥
µ ∼ λ

0
α ∼ λ

0
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